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Abstract—According to whether the internal Hamiltonians are
strong regular and/or the control Hamiltonians are full
connected, the quantum systems can be considered as ideal
closed quantum systems or the quantum systems in degenerate
cases. In this paper, we propose a unique formation of quantum
Lyapunov-based control method, which is suitable for both
ideal closed quantum systems and the systems in degenerate
cases. This Lyapunov-based control method of closed quantum
systems with unique formation is realized by means of
introducing implicit Lyapunov functions into the control laws,
which make the control system become strong regular and full
connection. The proposed Lyapunov-based control theory can
transfer from arbitrary initial states to arbitrary final states in
the way of asymptotic stability. The paper gives the complete
design procedure of control laws. At last, a numerical
experiment of the state transfer between two mixed states in
degenerate cases is given to demonstrate the effectiveness of the
Lyapunov-based control theory proposed.

Keywords- ideal closed quantum systems; quantum systems in
degenerate cases; implicit Lyapunov-based control method.

I. INTRODUCTION

From the perspective of system control, a quantum
system can be considered as a closed or an open quantum
system. The closed quantum system is an isolated system or
without interaction with the environment. The majority of
actual quantum systems are open quantum systems. However,
the closed quantum systems have their own characteristics,
namely, they are simpler to be analyzed and studied, and the
research results of closed quantum systems are the
foundations of open quantum systems. The role of a closed
system in quantum systems is similar to that of the system
which is a linear, definite and time-invariant in macroscopic
systems. Even so, the control task of state transfer in closed
quantum systems is quite difficult because there are
eigenstates, superposition states and mixed states, in which
only the eigenstate corresponds to the classical state in
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macroscopic systems, while other two states do not exist in
the macroscopic world.

The solutions of the control problems obtained by means
of the system control theory are generally the control laws in
an N dimensional quantum system, which can be easily
applied to the high dimensional quantum systems without
increasing control cost and design difficulty. Therefore, the
closed quantum system control theory has a guiding
significance for the realization of the actual experiments,
especially for complex quantum systems. In the last 30 years,
the control theory of quantum systems has developed rapidly.
Many quantum control methods have been developed, such as
coherent control [1]-[3], Bang-bang control and geometrical
control [4][5], dynamical decoupling control [6]-[8], sliding
mode control [9][14], robust control [10], optimal control
[11]-[14], Lyapunov-based control [15]-[18], feedback
control [19]-[21]. Among all the quantum control theories,
optimal quantum control is the most widely used in quantum
system control. Like the optimal quantum control method,
the Lyapunov-based quantum control is also a very powerful
control method. By means of the Lyapunov stability theorem,
this control method designs an asymptotically stable
controller by making the first time derivative of the Lyapunov
function constructed not great than zero. Unlike the way it is
being used in the macroscopic engineering field, in which the
controller is only required to be designed as a stable one, the
Lyapunov-based control method used in quantum fields
should be designed as a convergent one in order to guarantee
the control system to reach the target state with 100%
probability. This is because the variable controlled in
quantum systems is usually the density matrix, which is a
probability. A general model of an N dimensional closed
quantum system can be descried by the Liouville equation:

ip(t)y=[Hy+>,_ Huy (t),p(t)] , in which p(s) is the
density matrix; H, is the internal Hamiltonian; u,(f) are
external control fields; H, arethe control Hamiltonians. The
eigenvalue (or spectrum) of the internal Hamiltonian
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H, =diag(4,4,,....,Ay) of the system, in which Aj,J=12,.,N
indicate the energy levels of the system, while w, = 1, - 4,

are the transitions (Bohr) frequencies between the energy
levels of the system. We define a non-degenerate quantum
system if all the energy levels of a quantum system are not the
same and a quantum system without degenerate transition,
which means all Bohr frequencies are not the same. A
quantum  system is called full connection @ if
(H)j#0,j<le{=12,.,N} for Vke{l2,.N} holds.
Based on the Lyapunov stability theorem, the analytical
expressions of control laws can be designed by means of the
construction of a suitable Lyapunov function V(p), and

under the condition of ¥ (p) < 0. The Lyapunov function is
not unique. A general form of Lyapunov function is
V(p)=tr(Pp), in which P is a positive definite Hermitian
operator to be determined, which is one part of control laws
design. P can be regarded as an imaginary mechanical value
of the system. In mathematics, V' (p)=t(Pp) is a trace

calculation. In physics, V(p) is an expectation value of

Hermitian operator P. By calculating the first order
derivatives of FV(p) for the time, one can obtain

V(p)=-it([P, H),P)-i¥h- tr([P, H; ]p)u, - Because the first term in
the right side of ¥ (p) is independent of the control laws this
term can be eliminated by [P, H]=0, which also provides a
condition of designing P. When H, is non-degenerate, Pisa

diagonal matrix. The control laws can be obtained by letting
V(p)=0 , and the expressions of control laws are
u, =ig tr([P,H, 1p),k =1,2,..r, in which & isused toregulate
the amplitude of the control laws. According to the LaSalle

invariant set principle, the control system can be guaranteed
that any trajectory converges to a maximum invariant set.

Now that the control laws is obtained by V(p)=0,

besides the target state, generally there are many other states
which can also make ¥ (p) =0, all of which are the state

points of the Lyapunov function V(o). The number of these

state points is even un-numerical in the cases when the target
state is a supposition state or mixed state. In order to make the
control system converge to the desired target state, one must
add the constraint conditions to narrow the invariant set. For
the different kinds of the target state, the conditions the
system needs to meet are different. Generally speaking, the
convergence conditions of a quantum system by using the
Lyapunov control method based on the average value of an
imaginary mechanical quantity P are three points, which are
the requirements of internal Hamiltonian, control
Hamiltonians, and target state, respectively. These three
conditions are:
i) The internal Hamiltonian is strongly regular, i.e., the
transition energies between two different levels are clearly
identified;
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ii) The control Hamiltonians are full connected, i.e., any two
levels are directly coupled [18];

iii) The target state must be diagonal, which makes
lps,Hy]=0 hold.

Fig. 1 is an example that satisfies the conditions i) and i1).

Figure 1. Quantum system that satisfies the conditions i) and ii).

The system which satisfies above mentioned conditions 1)
and ii) is called ideal quantum system. Under the conditions 1)
and ii), condition iii) is the condition of the state transfer of
closed quantum systems from arbitrary initial state to an
arbitrary diagonal target state, which can be an eigenstate,
supposition state, or mixed state.

However, many quantum systems in practice do not satisfy
the conditions i) or/and ii). For example,

03 0 O
Hy=| 0 06 0
0O 0 09
or/and
011
H/ =1 0 0].
1 00

Fig. 2 shows that the V-type and A - type quantum
systems we often encounter in practice do not satisfy
conditions i) and ii). Because the convergence conditions
obtained are so extremely rigorous, the designed control laws
have little practical application value.
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Figure 2. (a) V-type; (b) A -type quantum systems.
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In order to obtain Lyapunov-based quantum control
methods which have practical application value, one needs to
solve the problems which appear in the quantum systems in
degenerate cases, so as to establish the Lyapunov quantum
control theory. Up to now, many researches have been done.
Zhao et al. utilized an implicit Lyapunov control to solve the
problem of convergence for the single control Hamiltonian
systems governed by the Schrédinger equation [22]. We once
investigated the implicit Lyapunov control method of
multi-control Hamiltonian systems governed by the
Schrodinger equation based on the state distance and state
error, both of which are only suitable for the control of the
pure states [23]. We also studied the implicit Lyapunov
quantum control method based on the imaginary mechanical
quantity for pure states and mixed states, in which the stricter
convergence proof was given [24].

In this paper we propose a unified formulation of Lyapunov
control theory for closed quantum systems. The basic idea is:
for a quantum system which does not satisfy the convergent
conditions i), ii) or/and iii), we introduce an implicit
Lyapunov function into the quantum control design method
based on the imaginary mechanical quantity in Liouville
equation, in order to make the designed control system satisfy
three convergent conditions. The Lyapunov quantum control
theory proposed here can be used in both degenerate cases
and ideal quantum systems, which can transfer the state from
an arbitrary initial state to an arbitrary target state. The
“arbitrary” here means eigenstate, superposition state or
mixed state. The proposed control method in this paper is a
unique formation of quantum Lyapunov-based control
method , which has important significance.

The rest of the paper is structured as follows: Section II is
the Lyapunov-based quantum control theory, in which
implicit Lyapunov functions are introduced, as well as the
procedure of control designs of 77, y,(1), v (¢) and B, in

detail. Section III is the numerical simulation, and Section IV
is the conclusion.

II. LYAPUNOV-BASED QUANTUM CONTROL THEORY

A. Implicit Lyapunov Functions

Consider the N-level closed quantum systems governed
by the following quantum Liouville equation which may be in
degeneration cases:

ip(t) =[Ho +Xj_ Hyuy (), p(0)] (1)

where p(t) is the density operator; H, is the internal
Hamiltonian; H;, k=12..,r, are control Hamiltonian;
and u, (¢),(k =1,---,r) are scalar and real total control laws.

The way to solve the degeneration problems is to introduce
the implicit Lyapunov functions as the control disturbances
such that the system with additional control disturbances may
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satisfy those convergence conditions. A completely unified
designing method of control laws is proposed here. The
control laws are composed of three parts:

U () = 73 (O + v (O + 77 @)

in which y,(¢) are designed to make the system (1) satisfy
the convergence conditions i) and ii); v, (¢) are the control

laws designed to transfer any initial state to the invariant set;
n, are used to make the target state commute with the

internal Hamiltonian H, i.e., lpy.Hy1=0, so as to make the

control system be able to converge to the desired target state.
The Lyapunov function is constructed as:

V(p)=tr(F,, p) 3)
where B, = f(,,1,,71(1),-,7,(1)) are functional of 77;
and y,(¢), (k=12...,r) and positive definite.

Eq. (3) is called the implicit Lyapunov function based on
the average value of an imaginary mechanical quantity. The
function of (1) is used to design control laws (2), in which 7,

will be designed in the case [p,,H,]#0, which does not
satisfy the condition iii). y;(¢#) will be designed in the cases
when condition i) or/and ii) are not satisfied. v, (¢) is used to

design the control laws of transferring the state from an
arbitrary initial state to an arbitrary target state.

Next, we’ll give in detail the design procedures and the
explanations of how these three parts play roles in control
laws.

B. Control Design of 1,

In the procedure of designing 7, first, check whether
the target state p ', commutes with the internal Hamiltonian

H, and one can know what type the target state is. If the
target state does not commute with the internal Hamiltonian,
thisresultsin [p,,Hy]=D, D=0.The supposition state and
some non-diagonal mixed state are in such cases. Then a set
of appropriate constant values 77, need to be introduced into
the control laws. Then, H, = H,+X;_Hny > (k=12..,r)
will be considered to be the new internal Hamiltonian. Last,
design 7, in order to make

(o7 Hopgl=0.Hoy =Hy+ 3, Hype (4

hold.
For the special case when the target state commute with the
internal Hamiltonian H, that is, [p r,Hy]=0, one can set
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n =0, which is the quantum system with the target state
being eigenstates or some mixed states which commute with
H, . After introducing and designing the constant values 7, ,

the target state p, will become commute with H, in (4).

C. Control Design of y,(t)

There are two objectives of designing y,(¢), one is to
make Hy,, =Hy, + X Hy; (1) such that H,,  is strongly
regular. Denote eigenstate of H,,, as |¢1,7,y>,~-~,|¢N,7,y>.

The H kny

=y T i i =
Hkm —U,W HkUW, in which Uny _(|¢177,y>’ ,|¢N,7,y>) .
Another objective is to make the #,, , be full connected. To

control Hamiltonian with HOW is

achieve these two objectives, y;(¢) can be designed as

F(s), k :klf"?km (5)
0, k#k, - k,1<k, -k, <r)

m =

7k @O=y (0= {

in which F is the function of s, and satisfies F(0)=0,
F(s)>0,and F'(s)>0, which means F(s) is a monotonic
increasing function.

Usually, the simplest F(s) can be constructed as:

s = V(p)—V(pf), where C >0, and C € R . Combining
with (3) y;(¢) can be designed as

7 (O=y@O)=C-(tr(F,, p)—tr(F,, py)) (6)

D. Control Design of v (t)

The role of control laws v, (f) is to ensure V()<0 .
v,(t), k=1,
derivative of Lyapunov function (3) is not greater than zero,
from which we can obtain:

-,r are designed to ensure the first time

vi (1) = Ky i itr (LB Hiy, 10)) (7)

where K, are constants and K, >0 ,

k=1r, Hy,, :UWerUUV » Uy :(|¢177,7>""’|¢N77,y>)
and y, = f,(x,),(k=12,---,r) are monotonic increasing
functions which are through the coordinate origin of the
plane x; —y, .

In fact, LaSalle invariant principle can only guarantee the
control system to converge to the invariant set, but not
guarantee to converge to the target state. In order to make the
control system converge to the target state, we still need to
deal with another problem: the number of critical states in the
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invariant set, i.e., the number of the states which satisfy
V() =0 . For a closed quantum system, only when the target
state commutes with the internal Hamiltonian, the number of
critical states in the invariant set is at most N!. There are
un-numerical critical states in the invariant set when the
target does not commute with the internal Hamiltonian. This
problem can be solved in two ways: one is to make the
un-numerical critical states in the invariant set become
numerical ones by introducing a set of constant values 7,
into the control laws; another is to make the target state be the
minimum value of the Lyapunov function (3) by designing
the imaginary mechanical quantity .

The control laws (2) designed by (6) and (7) can only
guarantee V(#)<0. In order to ensure V(f)<0, we provide
another condition

V(,O/) < V(/oother) (8)
which means the value of the Lyapunov function at the target
state is less than the values of Lyapunov function at all other

states.

The role of B, in (6) is to make the control system
converge to the target state p,. In order to do so, on one
hand, we need to design £, to make the condition (8) hold,

where p,,. represents any other critical states in the

invariant set except the target state. On the other hand, the
condition [5, ,H,,, ]=0 musthold, which means that
and H,,, have the same eigenstates |¢l,7,y>,~-~,|¢N,7,y>. We
design the eigenvalues of ), to be constant, denoted by

R,P,, -, Py, and design B, as

By = Z_]/Y:l P |¢./‘77,7><¢.1‘77,7| ©)

In order to make (8) hold, we design P; as follows: If

Prp)ii <(Ppy) 1 <L,JSN, design £; > Pj;

if (ps))i=(psy);1<i,j<N , design B =P else if
Pt > (Pry) 1 <i,j< N, design B <P,

then  V(p/,) <V(pomer) holds, where (p,,); is the
(i,i)-th element of Prp= U,;pr,] ;
U, =(‘¢1’,,>,-~~, ¢N’”>) ; qﬁl’,]>,-~~, ¢N’q> are the eigenstates of

Hy, =Hy+ X Hinye -

For the above deduction, refer to the proof of Theorem 2
in [24].

Based on LaSalle’s invariance principle, the convergence
of the control system with above control laws designed by
ur () =y, @ +v(t)+n, in (2), we proven the following
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theorem: Consider the control system (1) and the constructed
Lyapunov function (3), under the action of control laws (2), in
which y, (¢) is designed by (6); v, (¢) is designed by (7); 7,
is used to make (4) hold, £,
make the control system satisfy:

) Oy # @y ; (L,m) # (i, /) ;

b jolm e (1,2, N} @y =4y = Ay, »

is designed as (9), which can

where 4, is
the [-th eigenvalue of H,, =Hy+Xj_ H(n +7(0)
corresponding to the eigenstate ‘qﬁ,m> ;

ii) Vj#1,for k=1,--,r, thereexistsatleasta (H,, ), #0,

(Hypy ) the  (j))-th of

H, =U_THU_  with U :(|¢1 >|¢ >)
kny ny kY ny ny ay )2 C|PNay /)
[B,,.Hyy 1=0 l#j,A<Lj<N)

(B )y # (B,,)Jj holds, where (B, ), is the (//)-th

element of £, , and the control system will converge

where is element

iii) For any

toward the invariant set E:

E= {py(to)‘(UUypr(tO)qu )lj = 07}/ = }/(py(to))’to ER (10)

The proof of the theorem is similar to the proof in [24],
and we will not repeat it here.

By designing the control laws proposed in this paper, a
quantum system in degenerate case can become an ideal
quantum system, which satisfies three convergent conditions
of state transfer. In fact, the proposed control designed
method in this paper is also suitable for the state transfer of
ideal quantum systems, so up to now we establish a complete
Lyapunov - based closed quantum control theory, which is
not only suitable for quantum systems in non-degenerate, but
also suitable for the quantum systems in degenerate cases.

III. NUMERICAL SIMULATION

In this section, we perform an experiment to design a
specific controller to transfer a state to a superposition state
by using the implicit Lyapunov control based on the average
value of an imaginary mechanical quantity.

Consider a 3-level quantum system, whose internal
Hamiltonian is non-strong regular, and the control
Hamiltonians are not full connected:

03 0 0 01 1
Hy=| 0 06 0 [H=|1 00 (11)
0 0 09 100

In the numerical simulation experiment, the initial state
po 1s a mixed state which does not commute with the
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internal Hamiltonian and the target p, is a mixed state

which commutes with the internal Hamiltonian:

0.1 0.1 004
po=| 01 05 008
0.04 0.08 0.4 (12)

py = diag {0.5687,0.3562,0.075}

According to the design ideas proposed in this paper, the
control laws are wu (t)=y;(¢)+v(t) , in which v () is
designed as:

() =K, (ir((P, . Hy 1) (13)
in which K] is the gain of v|(¢), and K; >0.
The implicit function y;(¢) is designed as:
1(p) =M, -(tr(B, p)~tr(B, py)  (14)

where M, is the gain of y,(¢),and M;>0.
According to the design method of the imaginary
mechanical quantity in (9), design the eigenvalues of P,

are:

3
R<ph<h, Pn:zpf|¢f’7l> (9
=

.
where |¢.ia71> is the eigenstates of H,+ sz?’k ).
k=1

In the simulation experiment, the simulation step is set to
be 0.01 a.u., and control duration is 300 a.u.. The parameters
used in experiment are: M; =0.1, K; =034, B =0.01,
P, =2 and B =2.9. The results of numerical simulating
experiments are shown in Fig. 3 and Fig. 4. Fig. 3 represents
the evolution curves of density metrics, in which p; is the
diagonal elements of p . Fig. 4 shows the control curves of
the 7,(¢),v;(¢) and u(¢).

FromFig. 3 and Fig. 4, one can see that at the time 300 a.u.,
o1 =0.56811, p,, =0.35215, p33 =0.07973, and transfer
probability is 99.53%, which verifies the effectiveness of the
proposed method in this paper.
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Figure 3 Evolution curves of density metrics p;; .
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Figure 4 Control fields of the control system.

IV. CONCLUSION

This paper proposed a complete design procedure of
control laws for closed quantum systems in degenerate cases.
The proposed control design method is also suitable for ideal
quantum systems. Based on the Lyapunov-based control
theory of quantum systems proposed in this paper, the state
transfer task of closed quantum systems from arbitrary initial
state to arbitrary final state can be completed, and the
Lyapunov-based control theory of closed quantum systems
has been established.
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