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Abstract—Visual representation is essential to share ideas,
interpret previous achievements or formulate new aorithms
quickly and intuitively, however most representatims of
multy-qubit systems either conceal the propertiesfandividual
qubits or fail to visualize entanglement. This stug discusses a
representation that overcomes these problems throig the
methodology of fractals. The proposed method visuiakes
individual qubits as constants of the fractal thatcorresponds to
the whole system. The statistical self similarity [lows the total
number of qubits to be flexible, making it easy tostudy
subsystems. Generalization of this method throughabeled
signed binary trees is also presented which makespossible to
create other representations with similar properties.

Keywords - Quantum information;
visualization; fractals; binary trees

representation;

l. INTRODUCTION

Quantum
promises applications that outperform classicautsmts,
e.g. Shor’s prime factorization [1], the unconditib security
of quantum cryptography [2], or practical realipati of
quantum communication [3]. It is also likely thaist
discipline will become even more important duritg tp-
coming years. However, quantum mechanics is walk
for its counterintuitive nature that is hard touafize thus
making it problematic to quickly share ideas, iptet
previous achievements, or formulate new algoritiquiskly
and intuitively.

In order to be able to solve these issues, a visual

representation could be useful. The Bloch-spheffecisntly

represents one qubit [4] [5], or more qubits thae a

separable, but entanglement — one of the most banor
phenomena in quantum informatics — eludes this type
visualization.

Another possible approach is to use objects thae ha

enough degree of freedom to represent the whol&rsys
However this method usually conceals the innerctire,

and does not give us an idea of what happens ihe&sure
the state of few qubits instead of the whole syst@method

used in many algorithms and protocols). This apgratoes

not handle well those cases where the addition ofem
qubits is decided or when dividing the system isioaller

parts.

There are also methods to generalize the Blochrsphe

through the mathematical structure called Hopf-diibns
[6], but the arising geometrical structures arelyasomplex
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and hard to read, thus making the method uselesa as
visualization technique.

An ideal visualization scheme would preserve the
mathematical structure of a multi-qubit system way that
is easy to interpret by the naked eye using comgradttwo
dimensional images. The ideal solution should gise at
least some insight to the states of single quibitajld work
for any finite number of qubits, as well as it slilbwork
show entanglement. This study aims to give an elamp
such a scheme based on fractals and a generalizatito
construct other schemes alike.

This paper is organized as follows: Section | idtroes
visualization of quantum states. Section Il prese¢hé new
proposed approach using fractals. Section Il gaizes this
approach through labeled signed binary trees. Iyinal
Section IV concludes the paper.

Il.  FRACTAL-BASED REPRESENTATION

For the sake of clarity, the cases of single andtiphel
qubits should be presented separately.
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Figure 1. Representation of a single qubit (without phaseg T
respective lengtha? andB? of the black and white sides of the bar
correspond to the probability of a measuremenhergubit yielding the bit
value 0 or 1.

A. Single qubits

Let us write the probability amplitudes in an exgotial
form:

|¢) = Alexdi &) (0) + B exdli [B) (L), ()
A2 +B? =1. @)
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Figure 2. Representing the phase of a single qubit. (a) Entcal

position of the lines on each part of the baresents the phase. (b) An

enlarged version of the bar’s left side shows thasp. The bottom of the
bar corresponds to 0 and the top 1o 2
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A few simple example of single qubits.

Figure 3.

Let us draw a horizontal bar and then using a carti
gray line divide it into a black and a white sidethw
respective lengths 0% andB? where the total length of the
stripe is considered 1. This should give the prdibils of a
measurement on the qubit producing the value 0.0drol
avoid ambiguity, the black part of the bar correxfbing to
the measurement yielding O should always be pldicst
and the white part corresponding to the measurewzuae 1
should placed second, thus representing them iendstgy
order.

A gray frame should also be added to the bar Sotliea
white part can be easily seen in front of a whitekground.
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To visualize the phase let’'s draw horizontal linesthe
black and white parts of the bar, each with theosfip color
(black on white and white on black), in a way, thaé
vertical position of the line representsandf3 (the bottom of
each stripe should correspond to 0 and the topito 2

B. Multiple qubits

To visualize multiple qubits statistically self-siar
fractals should be constructed using the bars itestim the
previous section. It is well known that the complexf a
guantum system grows quickly as function of the benof
qubits, but the complexity of a fractal can matuis growth:
every newly added qubit means a further iteratitp sn
constructing the fractal representing our quantystesn.

Therefore, at first, the qubits should be numbénethe
order they will be measured at the end of our patdVulti
qubit systems whose qubits are separable and vadreseot
should also be distinguished.

For separable qubits the representation of the avhol
system can be done, by simply copying the scalesindo
version of the bar corresponding to the subseqgebit,
under each parts of the previous bars.

it #1- 9+

it 0.0 -]
Qbit #2:2

Qbit #3: - 1/210)+ i

Figure 4. Fractal representation of a multi-qubit system ted
separable qubits that serve as it's building bloblate that although the
fractal displays stochastic attributes this is tiuthe varying building
blocks that are not influenced by the construgtimtess (which is

deterministic).

In terms of the Lindenmayer system the represemtat
separable qubits can be formulated as follows:
Let the " qubit be:

|9,) = A, [exp{ [&,) [10) + B, [exp( [5,) ().

Let us denote the bar representing this qubitCh)
where w stands for the total width of the bar. Let the
constants of the fractals be tl@&(w) bars as described
above, except for the bottom part of the gray frame=ach

©)
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(black and white) sides. Let the variables be thtton parts
of the gray frame denoted tﬁ)r{ with respective lengths of

LL where the indeX runs from 1 to 2 (odd indexes

corresponding to the bottom parts of black and éndaxes
to the white sides of each bars).

Let the initiator be a straight horizontal grayeliﬁ)g ,
with the length of L0 =1, and the production rule be

( - Cn+1( )) for allj.

Stlckmg to the convention that the black sideoiéofved
by the white on each bar, the widths on the rasylffigure
from left to right will give us the probabilitie measuring a
bit string in ascending order.

Oth iteration

9.y = (0)+ 1))/v2

1st iteration with:

[9.) = (0)-[1)/v2

2nd iteration with:

3rd iteration with: ‘¢3> =- |\/Z/\ﬁ5‘0> +]/\/Ei>‘l>

Hooo) Hoo) Ho1d Hoi) Hio0) H10) H110 H11)
§ &8 £ = 5 = 5 =
Figure 5. Iterational steps of the fractal representatiore Width of

the lowermost part of the bars represents the pitityeof a measurement
yieldina the value represented by the colors ofpidues above it. (Read
from top to bottom black means 0, white means a.)d€ntify the
individual qubits, compare with Figure 4.

However, there is another way of representing trese.
Sometimes, it is more useful to draw figures withthae
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phase information in the bars of the last iteratibnis kind
of representation will be equivalent to the degsmipof the
whole system using bracket formalism. If the stwatehe

multi-qubit system is:

|§0> = Avo.o I:(Exdi DchOAA_O)[IJOO..,O>
+ Ag s @Xdi Ebc0(1..1)|:]]oo---:|-> +
+AL @Xdi ljxll..l)l:ml--l>1

then the representation with this inherited phease lwe

drawn as follows. Let the black and white partshod bar
read from top to bottom indicate bit values in ataia i
term of the sumi(being a blnary number). Let the width of
these parts (or to be more precise the width ofitteeermost
part) be A?, where the total width of all the bars is
considered 1. Let the phase in this undermost peart
represented by the height of a horizontal line ppasite

color as described in part A.
@) = Avg_o exp(i gy ,)C}00....0)
+ Agq 1 [@Xp(i Gy ,)100... 1) +
+ Ay o lexpli Gy, )11 1)
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Figure 6. Representation using the collapsed phase. Thiuisaent
to the bracket description of the whole systemeNbat some of the color
combinations are missing from the graphs, meariap tvidth (and
detection probability) is zero. One such combimatfowhite, white, white,
black (read from top to bottom), meaning the meament will never yield
1110.

Converting the previous, recursively defined versad
the representation to the non-inherited phasedeatone by
adding all the phases above each other and drawaing
horizontal line on the lowermost bar in the heighthe sum
(where the bar is considered a torus duatpé&iodicity).

This kind of inherited phase can be useful becailsbe
phase information is at the lowermost bars, andseptarable
states cannot be represented otherwise.

While the inherited phase version is equivalenthe
bracket description in a sum form, the non-inhdriphase
form of separable qubits is equivalent to a termaduct
form, and of course many transitional ‘mixed’ stagae
possible between the two.

54



ICQNM 2011 : The Fifth International Conference on Quantum, Nano and Micro Technologies

These mixed representations can be constructedthdth
same iterative process as the non-inherited phasgants,
but they use the inherited phase representatiobugding
blocks instead of the bars representing single tgqui¢Of
course, if a single qubit is separable from the levlsystem
than its inherited phase, non-inherited phase arglesbar
representation are the same.)

|#) =
_|000) - |011) - |100) +|111)

2

0~ 009 -[1D
V2 V2

(b)

Figure 7. Possible representations of the same multi-quiiesy. (a)

In the inherited phase version it is easy to reéadohase of the total qubit

triplets, makina this useful in case when a phasesiive measurement or
operation is performed on the whole system. (b) @dréially inherited

phase representation is useful when the first qsiftieated separately from

the other two. Note that the inherited phase remtasion can only be used
in case of separable qubits, thus the last twotstihat are entangled,

cannot be represented that way, making this migpdesentation a
‘maximally non-inherited’ one.
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I1l.  GENERALIZATION THROUGH BINARY TREES

The previously described representation is only ofie
many possibilities.

To construct another one, first we need to choose a
building block that can represent a complex numbeis
best to choose the blocks to have one more degree o
freedom that can symbolize a binary value. Two kdoare
needed to represent a single qubit, although tlwecawn be
handled as one object. For example in case of the
representation described in Section |Il, the blocks
symbolizing complex numbers are the sides of ths,libe
additional degree of freedom is their color, and tf these
(with opposite color) are handled as a single ratead of
these bars the two complex numbers could be repezte
using the Bloch-sphere although it is not the hewstice
since two dimensional representations are easietegoret,
and squared shapes are easier to pack compactly.

To represent multiple qubits a rule is needed ithakes
it possible to connect two of the building blockpresenting
complex numbers to each previous block. The regplti
structure will be equivalent to a signed, label@taty tree,
where the labels are complex numbers. The signg wil
correspond to the bit values, although if the bdock
representing complex numbers have an additionaledegf
freedom, it does not have to be visualized throtig
connection rule.

Figure 8. Other representations can be constructed, which are
equivalent to a signed labeled binary tree whdsel$aare complex
numbers.

The labels can be calculated either in a fashioarvthey
inherit some of the properties of their ancestordn a way
when they do not. The later can only be done fpasshle
qubits but can be used to illustrate individuatestaof single
qubits. In this case th@" level of the tree will correspond to

the n™ qubit, and the IabeCrf will correspond to the

probability amplitude of qubit value O jfis odd, and 1 if
even (wherg runs from 1 to 9. In the inheriting case the

label Crf will correspond to the complex number that can be

calculated as the product of the probability ampkt
described in the non-inheriting case and every rothe
probability amplitude corresponding to the ancestafrthat
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particular node. This method is useful for représgnthe
system as a whole, and compresses most of themafimn
in the labels of the leaf nodes.
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Mixed representations are also possible, as destiilb BME Department of Telecommunication for their halpf
Section Il. Note that in the first representatiba width (and comments.

thus the detection probability) is always inheritekdile the
phase can be inherited, not inherited or mixed, ingak
different attributes of the same complex numberaleh
differently. 1]
It is also worth noting, that the complex number
associated with the root should have an absoluteeaf 1.
Although the root can represent the global phasis not (2]
necessary to describe a multi-qubit system, anduah it
was not used in the first representation.

V. CONCLUSION (3]

As discussed, fractals self-similarity and comgiexi [4]
make them ideal candidates for representing mulbitq
systems. In the present paper the properties ofdeal
visualization were described, giving an exampleseth a  [5]
representation in detail. This representation werserplized
through labeled signed binary trees. Even thoughtito  [6]
approaches might seem different, these binary traasbe
constructed recursively using the methodology actfils.
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